We revisit the dynamical action, developed in earlier studies [1] [2] [3] , of the gravitational analog of Yang-Mills field, called the diffeomorphism field. We show an inconsistency in the construction of this action and solve it by a modification.
Introduction
Wess-Zumino-Witten (WZW) action [4] and Polyakov's two-dimensional quantum gravity (P2DG) action in lightcone gauge [5] can be obtained as parts of the geometric actions built on the coadjoint orbits of Kac-Moody (KM) and Virasoro algebras, respectively [6, 7] . Additional terms appear on each sector. On the KM sector the additional term is equivalent [8] to the coupling of a background Yang-Mills (YM) field to the WZW field. In this equivalence the KM coadjoint element A is identified with the space component A 1 of the YM field A µ , in the temporal gauge A 0 = 0. On the Virasoro sector the additional term is equivalent to the coupling of a background field D to the Polyakov field. The field D can be seen as the space-space component D 11 of a rank two field D µν (whose coordinate transformation deviates from that of a tensor) in the temporal gauge D 01 = 0. The D 00 component is simply invisible due to the lightcone gauge of the metric used in P2DG action, and is at our disposal. The field D µν is used to be called the diffeomorphism field (in short, the diff field).
Classical gravity is dynamically trivial in 2D. Dynamics of the spacetime metric comes from anomaly contribution to the quantum effective actions of matter fields coupled to gravity. P2DG action is originally obtained as the effective action with conformal anomaly [9] . P2DG action in lightcone gauge is regarded as the gravitational analog of the WZW action [10] . The diff field is, in the same sense, the gravitational analog of a YM field in 2D. If this holds to be true in higher dimensions, then the diff field may have an important role in gravity in higher dimensions. In particular, it may provide an alternative description for the graviton. With a similar motivation in mind, a dynamical theory for the diff field is constructed in Refs 1 [11, 12, [1] [2] [3] . These studies mainly focus on examinining the relationship between the KM coadjoint representation and the YM theory in 2D, and mimic it to build the analogous action for the Virasoro coadjoint representation.
In this paper we focus on the latest approach [1] [2] [3] used to construct the so called transverse actions associated with KM and Virasoro coadjoint representation. We review this construction in Section 3. In the stated references the YM form of the momentum was directly assumed to recover the YM action as the KM transverse action.
Similarly, the conjugate momentum to diff field was chosen to have a specific form to build the diff field action. Here we show that the general form of the momenta used 1 One can also check [13] for an extensive review of all.
to build the actions is dictated by the Gauss law constraint (and its diff field analog) for the construction to be self-consistent. In fact, the momentum obtained from the constructed diff field action in Refs [1] [2] [3] is not the same as the momentum chosen to construct the action. We introduce a simple ansatz for the momentum which yield the YM form of the momentum automatically from the constructed KM transverse action.
Also, the analogous ansatz for the diff field case solves the stated consistency problem.
Another problem that we observe in the previous studies [1] [2] [3] is that the diff field is assumed to transform as a tensor, so in order to reach a spacetime diffeomorphism invariant one simply covariantizes the constructed flat-space action. We explain why this approach is problematic in Section 3.3. We abandon the idea of a tensorial diff field. The constructed flat-space action is shown to be spatial-diffeomorphism invariant provided the diff field does not transform as a tensor. We introduce a way to obtain a spacetime tensor from the diff field in Sections 4,5 and 6 . By this method we recover spacetime diffeomorphism invariance of the diff field in its interactions with other fields (introduced in [1] ). This requires a change in the higher dimensional lift of the Virasoro coadjoint action. Also, the diff momentum picks up corrections involving affine connection coefficients as does the action. Nevertheless, the structural similarity with the YM action and the spatial diffeomorphism invariance of the action are preserved.
We do not provide a fully diffeomorphism invariant action for the diffeomorphism field in this work. We believe this requires the introduction of fields analogous to the lapse and shift functions of the ADM formalism of general relativity.
Coadjoint Actions
The coadjoint actions of the semidirect product of KM and Virasoro algebras are given by [11] 
where prime denotes derivative with respect to the coordinate x 1 of the circle over which the algebras are defined. Λ and ξ are adjoint elements, and A and D are coadjoint elements of KM and Virasoro algebras, respectively. Trace is over the Lie algebra of the base group of the KM algebra, and k and q are constants related to the centers of the algebras.
The first two terms of (2.1) represent the infinitesimal coordinate transformation (or the Lie derivative) of a YM field A in 1D. Alternatively, it can be seen as the infinitesimal, spatial and time-independent coordinate transformation of the spatial
Similarly, the first two terms of (2.2) can be considered as the infinitesimal coordinate transformation of a rank-two tensor in 1D. Alternatively, it can be regarded as the infinitesimal, spatial, time-independent coordinate transformation, (2.3), of the space-space component D 11 of a rank-two tensor D µν in 2D. Notice, however, that the third term in (2.2) also involves ξ, so it must be part of the coordinate transformation.
Hence, D µν does not transform as a rank-two tensor.
Next, we focus on the terms involving the KM adjoint element Λ. The last two terms of (2.1) can be seen as the infinitesimal gauge transformation of a YM field in 1D. That is, we consider A → gAg
Alternatively, it can be seen as the time-independent gauge transformation (
One can also observe that there is a KM contribution in (2.2) (the trace term).
This shows that the object D is not gauge-invariant in the presence of a YM field. It is straightforward [11] to remedy this, namely, one can definẽ
This field is gauge invariant, δ ΛD = 0.
Construction of Dynamical Actions for the Coadjoint Elements
To construct dynamical actions for the coadjoint elements A and D one uses the isotropy equations, which are obtained by setting the coadjoint actions (2.1), (2.2) to zero, i.e. δA = 0 = δD. These equations define the adjoint elements ξ, Λ which fix the given coadjoint elements D, A on their orbits. If we imagine infinitely many identical copies of coadjoint orbits on top of each other forming constant time slices of a 2D spacetime, then the isotropy equation would define the directions that are transverse to the slices. This is the motivation of the term transverse action.
From Kac-Moody Algebra to Yang-Mills Action
If A is to be identified with a YM field, we should recover the YM action from the construction. The primary observation in [11] was that the pure KM part of the KM isotropy equation,
lifts to the Gauss law constraint G under Λ → kE, where E is the conjugate momentum to A. To make this formal, one looks [2] for a charge Q that generates the transformation i.e.
where { , } is the Poisson bracket (PB) for the corresponding field theory and the charge is explicitly given by Q = −k
Notice that the momentum E 1 has a hidden time index coming from its definition,
Thus, the operator G also contains a time index. We write E 10 and G 0 from here on.
The prescription to obtain the dynamical action [3] is given by
Here ST stands for the symplectic term E 10 ∂ 0 A 1 , H is the Hamiltonian density E 10 E 10 /2, λ 0 is the Lagrange multiplier for the Gauss law constraint, and the trace over the algebra is suppressed. We pick λ 0 = cA 0 as this is the simplest choice with a single time index. The prescription (3.5) is simply that of a constrained field theory. The Gauss law enforces the isotropy equation i.e. the dynamics is enforced to be transverse to the orbits, not within one. The only missing piece to proceed is the expression for the momentum E.
In [2, 3] the YM form of the momentum E is directly assumed to recover the YM action as the KM transverse action, not deduced from the method itself. We do not want to do this since we do not have an expression ready at hand in the Virasoro case.
Hence, at this point we introduce a fairly relaxed ansatz for the momentum,
where M 10 is assumed to be independent of the time derivative of A µ . We put the components into (3.5) and obtain L in terms of A 0 , A 1 , M 10 . Then we recompute the momentum E from the constructed action S = d 2 x L using (3.4). The result is
This is the momentum F 01 ≡ E 01 conjugate to A 1 for c = 1. Setting c to any real constant is legitimate as it amounts to rescaling A 0 , which is nondynamical. The meaning of setting c = 1, on the other hand, is that the Gauss law is the constraint associated 2 with A 0 , not with an arbitrary multiple of it. Notice also that M 10 does not depend on velocities ∂ 0 A µ so the ansatz (3.6) is consistent.
If we insert the explicitly found momentum back into the Lagrangian we get the YM Lagrangian in 2D up to a spatial boundary term ∂ 1 (A 0a F 10a ). We assume the necessary boundary conditions to make this term vanish or consider a spacetime whose spatial hypersurface is closed. One can straightforwardly extend the Lagrangian to higher dimensions and covariantize.
From Virasoro Algebra to the Diff Field Action
The pure Virasoro part of the coadjoint action (2.2) reads
and the isotropy equation is 0 = δ ξ D. We lift this transformation to N + 1 dimensions.
The most natural lift reads [3] 
For convenience we assume that the diff field D µν to be symmetric (only the symmetric part admits the term with coefficient q). For a spatial, time-independent coordinate transformation (2.3) this yields
with i, j, k = 1, · · · , N. In 2D, i.e. when N = 1, (3.10a) is equivalent to (3.8) with D ≡ D 11 and ξ ≡ ξ 1 . Note that these transformations preserve the full temporal gauge
, and we build the transverse action in this gauge.
Next, we introduce the charge
The PB is evaluated with the introduced conjugate momentum X ij of D ij . From this one recovers the Virasoro analog of the Gauss law operator
This is used to be called the diff-Gauss law [11, 3] . The shortcut prescription to find the diff-Gauss law operator is given by
Using Q one can also compute
The presence of the last term indicates that X ij is a rank-two, spatial tensor density of weight one. Again, by its definition through the action, the momentum has a hidden time index, thereby also does the diff-Gauss law operator. Hence, from here on, we write X ij0 and G 0 k . We use the same prescription, (3.5), with the symplectic term ST = (∂ 0 D ij )X ij0 ,
In analogy with the YM case we choose the Lagrange multiplier as
. Substituting all components of the Lagrangian and performing integration by parts 3 we get
For convenience, we introduce the notation 
. However, as we show below, the action constructed from this momentum does yield back a different expression for the momentum, so we divert from their analysis at this point. Instead we employ the ansatz analogous to (3.6), namely,
with Y ij0 being a functional of D ij , D 0k and their space derivatives, but not time derivatives. We substitute this ansatz in (3.14) and obtain the Lagrangian in terms of
and Y ij0 . Then we recompute the momentum from it. This yields
This is consistent with the ansatz (3.15). The shortcut prescription to find the diff momentum is
With the final form of the momentum, the Lagrangian simplifies to
which is in the form of momentum-square as the YM Lagrangian. In fact, the analogy is carried further. To see this we introduce a constant α for the terms involving double diff factors i.e. we write
Then we expand the Lagrangian (3.18) and rearrange the terms as
Here L 1 is the sum of the terms with no α nor q, L q with coefficient q, and so on. Then the first part in (3.20) represents the contributions to the propagator, the second part to the three-point vertex and the last term to the four-point vertex. The structure of the actions is also the same in this respect. However, Unlike the YM case there are higher order contributions to the propagator and to the three-point vertex since the Virasoro coadjoint action is in higher order contrary to the that of KM.
Let us also mention that the previously obtained action [1] [2] [3] corresponds to the symplectic part of L D . Explicitly, it is given by
The momentum which is used to construct this action is X ij0 = D ij0 . The momentum obtained from it, however, becomes
This is the stated inconsistency and the basis of our modification. The Lagrangian (3.21) is not in the form of momentum squared and the four-point vertex is not present in it.
Recall the Lie variation (3.13) of the diff momentum X ij0 which showed that X ij0 is a spatial rank-two tensor density of weight one. We can form a true rank-two spatial
where h is the determinant of the spatial hypersurface of the spacetime. In flat space with h = 1 there seems to be no difference betweenX and X. This is an illusion, however, since any variations should be done before evaluating the fields. By computing the Lie variation of L D it is straightforward to show that the Lagrangian (3.18) is not a spatial scalar. However, the Lagrangiañ
is a spatial scalar, so it yields a spatially invariant action
Notice that the expression (3.16) for the momentum is obtained for a flat spatial hypersurface and at this point we do not know how it may be generalized to a non-flat spatial hypersurface. In Section 7 we provide a candidate expression.
Problems with Covariantization
The last step employed in Refs [1] [2] [3] was covariantizing the action, namely, lifting both spatial and time indices to spacetime indices, and lifting the partial derivatives to covariant derivatives. We argue against this step as it leads to inconsistencies.
The assumption was that it would be possible to keep the diff-Gauss law constraint, but interpret the diff field as a tensor. However, upon covariantization, the distinction between time and space indices is lost, and the D 0k component, which is the Lagrange multiplier of the diff-Gauss law, becomes dynamical. Consequently the diff-Gauss law is lost as a constraint.
Suppose we enforce the diff-Gauss law to the action at the very end. Even then there is a hidden problem: what makes the Gauss law special is not that it is a constraint, but that it is a first-class constraint generating a local transformation, i.e. residual time-independent gauge transformations. The reason the diff-Gauss law is named so, is that it is expected to be the Virasoro analog of the Gauss law i.e. we need it to be a first-class constraint generating a local transformation. Our expectation of the diff field theory being the gravitational analog of the YM theory dictates this requirement.
Then, as we discussed prior to equation (3.11) the local transformation it generates for the diff field is none other than the non-tensorial Lie derivative (3.10a). In other words, the theory can not admit the diff-Gauss law as a first class constraint 4 and a tensorial diff field at the same time. Hence, if we treat the diff field as a tensor the theory loses the connection to its origins and mimicking YM construction from KM coadjoint representation would become meaningless. Note that these issues do not appear in the YM case. Upon covariantization, A 0 remains non-dynamical, the Gauss law is still a first-class constraint generating time-independent spatial gauge transformations and the gauge structure of the theory is unaffected.
If the diff field is not a tensor, on the other hand, its covariant derivative is not well-defined. Even if we extended the definition of covariant derivative to such an object, its covariant derivative would not transform as a tensor 5 , so contraction of indices would not yield a scalar. This problem also affects the interactions of the diff field introduced in [1] . If the diff field is not a tensor then the proposed interactions break the diffeomorphism invariance.
Below we propose a partial solution to the problem. Namely, our proposal will recover full covariance in diff-interactions, but maintain only spatial covariance in the diff field theory itself. 4 Note that we do not claim that the action before covariantization has the diff-Gauss law as a first class constraint. This may require additional modifications and will be examined in another work. We claim, on the other hand, that the diff-Gauss law is a first-class constraint if and only if the diff field transforms as in (3.10a) which is not the transformation of a tensor. 5 The covariant derivative preserves covariance, so it also preserves non-covariance. 
We define the object
2) = ΓδΓ and (4.2) it is straightforward to compute [14] 
So Σ transforms as a Virasoro coadjoint element with central charge q. Note that the difference of two Virasoro coadjoint elements with the same central charge transforms as a tensor.
We would like to lift Σ to a rank-two object in higher dimensions. The most general rank-two lift can be written as
with the condition
This leads to a higher-dimensional, rank-two lift of a Virasoro coadjoint element of central charge q. Recall the natural higher dimensional lift (3.9) of Virasoro coadjoint action. The question is whether the object Σ µν defined in (4.5) transform as in (3.9).
The answer turns out to be negative :
where
Notice that the difference only consists of terms of order ξ ′′ , and the 1D reduction of ∆ µν subject to the condition (4.6) vanishes as expected.
Spatially Covariant Extension of Diff Field in 2D
How can we recover the spatial covariance of not only the diff field action but also the diff field itself? A quick solution that comes to mind is to complement the diff field with a correction that turns it into a tensor, just as the diff field is complemented in to obtain a rank-two tensor. This result, however, does not nicely extend to higher dimensions. The transformation of Σ µν deviates from our choice (4.5) for building the transverse action with a rather complicated expression (4.8). However, to obtain a spatial tensor from the diff field in 2D, it is sufficient to find a Σ µν for which ∆ 11
vanishes. Here is one such Σ µν for a = 2, e = −1 :
For this choice we get a coadjoint element of central charge two upon reduction to 1D, and the difference from the desired variation reduces to
Following the analysis in Section 3, the conditions ∂ 0 ξ 1 = 0 = ξ 0 imply vanishing of 
Using (5.3), we can obtain a spatial tensor in 2D from the diff field by
It satisfies
One may assume that this result would nicely extend to higher dimensions, but it does not. The spatial part ∆ ij of (5.2) vanishes only in 2D. In higher dimensions there is no obvious way to solve ∆ ij = 0. This shows that although transverse theory is spatially diffeomorphism invariant in any dimensions, the diff field itself admits a correction to become a spatial tensor only in 2D. Extension of this result to higher dimensions requires the modification of the very first step of the construction of Section 3.2, namely, the higher dimensional lift (3.9) of the coadjoint action. We will investigate this in the next section.
Full Covariance Recovered in Interactions In Any Dimensions
The analysis in the previous section suggests that the higher dimensional lift (3.9) of the coadjoint transformation (3.8) is too strict for the diff field to be complemented with a correction turning it into a spatial tensor. Although (3.9) is the most straightforward lift, it is noteworthy to check what happens when we include second-order center terms as well. In other words, we can introduce the modified Lie derivative
The modified Lie derivative (6.1) also reduces in 1D to
Moreover, the object T µν defined in (5.4) now becomes a spacetime tensor in any dimension. Hence, with this new proposal we can recover full diffeomorphism invariance at least in interactions. We l investigate the transverse action obtained from (6.1) in the next section.
We apply the same procedure as in the previous section to obtain the spatial reduction of the field components. In addition to the conditions
we need Γ m k0 = 0 to make D 0i a spatial covariant vector and Γ m 00 = 0 to make D 00 a spatial scalar. With these we obtain 
The change in δD µν will change the expression for the diff-Gauss law and as a result the expression for the momentum.
Modified Transverse Action
We can use the shortcut prescription (3.12) to get the modified diff-Gauss law
Since the D dependent terms of the diff-Gauss law are the same, the Lie derivative (3.13) of X ij is unchanged. Hence, X ij is still a spatial tensor density and
is a rank-two spatial tensor. We apply the prescription (3.5) to find the diff-Lagrangian involving the diff momentum. We introduce the same ansatz (3.15) for the diff momentum. We insert this ansatz into the action and recompute the momentum. The result can be easily obtained from (3.17) which yields
3)
The form of the spatially covariant Lagrangian is unchanged
The stated similarities of the structures with YM theory also hold for the modified theory. The action with the modified momentum (7.3) is a candidate for the spatially covariant action (3.25) on a spatially curved spacetime that we were looking for. To reach full spacetime covariance one may need to introduce objects analogous to the lapse and shift functions. It may also be required to check whether the obtained action admits the diff-Gauss law as a first-class constraint or further modifications are needed for this purpose. These will be considered in a future work.
Conclusions
We showed in Section 3.2 that the diff momentum obtained from the constructed diff field action in [1] [2] [3] is not the same as the diff momentum used to construct the action. We solved this inconsistency by introducing a step, (3.15), to the construction procedure. With this modification the diff field action took the form of momentumsquared (3.18) just as in the YM action, and it had the same vertex structure as the YM theory.
We explained in Section 3.3 why the diff field cannot transform as a tensor if it is to be the gravitational analog of a YM field. This, however, invalidates covariantization as a way to reach a spacetime diffeomorphism invariant action. Also it invalidates the interactions of the diff field with other fields introduced in [1] . We solved this problem by first generalizing the transformation (3.9) of the diff field to (6.1), then by deriving a tensor (5.4) out of the diff field, to be used in interactions. This changed the diff field action, but it preserved the stated structural resemblance to YM action. We also showed that the modified action is still spatially diffeomorphism invariant.
